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By analyzing an exactly solvable model in the second quantized formulation which allows a unified 
treatment of adiabatic and non-adiabatic geometric phases, it is shown that the topology of the 
adiabatic Berry's phase, which is characterized by the singularity associated with possible level 
crossing, is trivial in a precise sense. This topology of the geometric phase is quite different from the 
topology of the Aharonov-Bohm effect, where the topology is specified by the external local gauge 
field and it is exact for the slow as well as for the fast motion of the electron. 

PACS numbers: 



I. AHARONOV-BOHM EFFECT AND GEOMETRIC PHASES 

Akira Tonomura made important contributions to the studies of the 
Aharonov-Bohm effect and the double-sht experiment which is closely related 
to the analysis of geometric phases. Both of these effects are related to phases 
and intereference in quantum mechanics. The phase in quantum mechanics is 
also closely related to the notion of topology in mathematics. 

The topology of the Aharonov-Bohm effect is provided by the external 
boundary condition for the gauge field and the Aharonov-Bohm effect 
is best described by the path integral representation 

Vxexp{'-J^ [!!^-eA{x)^]dt} (1) 

for the propagation of an electron. 

On the other hand, the geometric phase (or Berry's phase) for the 

electron placed in a rotating magnetic field B{t), which is solved exactly as 
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shown below, is given by 
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where 
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gives an analogue of the gauge potential (or connection). 

These two expressions are very similar, but the important difference is that 
the electron moves outside the magnetic field in the case of Aharonov-Bohm 
effect while the electron moves inside the magnetic field in the case of geometric 
phases. This difference suggests that the topology of these two phases, though 
similar, is fundamentally different. In fact, the topology of the Aharonov- 
Bohm effect is precise for the non-adiabatic as well as adiabatic motion of the 
electron. On the other hand, it is shown that the topology of Berry's phase is 
valid only in the ideal adiabatic limit and it is lost once one moves away from 
ideal adiabaticity. We would like to explain this difference in the following 
since it is not widely recognized. 



II. SECOND QUANTIZATION AND HIDDEN GAUGE SYMMETRY 



To analyze the topology of the geometric phase, one needs a formulation 
which treats the adiabatic 0^ and nonadiabatic phases [6|-@| in a unified 
manner [9|]. We start with the action 

(4) 

for a time-dependent Hamiltonian H{t). We then expand 

%i){t, ^) = ^ Cn{t)Vn{t, X) (5) 
n 



s 



dtd^x 



^^t.x){th^^-H{t))ij{t,x) 



with J d^xv'!^{t,x)vm{'t,x) = Sn,m- Foi the fermion, we impose anti-commutato? 
[ci{t) , cl^{t)^ = 6im- The Fock states are defined by |/) = c|(0)|0). 
By inserting the expansion into the action S, we have 

s = I dt{J2ci{t)ihdtc4t) 

- I d^x[vl{t,x)H{t)vrn{t,x)-vl{t,x)ihdtv^{t,x)]ci{t^^^ (6) 



and the appearance of "geometric phase" in the last term is automatic. 

The solution of the conventional Schrodinger equation with the initial con- 
dition ip{Q,x) = Vn{0,x) is given by ipnityx) = {0\ilj{t,x)cl^{0)\0). This second 
quantized formulation contains the following gauge (or redundant) freedom [13] 

c„(t) ^ e-^°"«c„(t), Vr^it) ^ e^-"Wt;„(t) (7) 

which keeps ilj{t,x) in ([5]) invariant, with the phase freedom {a„(t)} being 
arbitrary functions of time. Under this hidden gauge transformation, the 
Schrodinger amplitude is transformed as 

^„(t,x) = (0|^(t,f)ct(0)|0) ^ e^°"(°)V'n(t,5'), (8) 

namely, the ray representation of the state vector is induced. One may ask 
what is the physical implication of this hidden gauge symmetry? The answer 



is "it controls all the geometric phases, either adiabatic or non-adiabatic" [11 
In the analysis of geometric phases, it is crucial to note that the combination 
ip*{0,x)ipnit,x) is manifestly gauge invariant. 

III. EXACTLY SOLVABLE EXAMPLE AND GEOMETRIC PHASE 

We consider the motion of a spin inside the rotating magnetic field 

B(t) = sin 9 cos ip(t), sin 9 simp (t), cos 9^ (9) 
and (p{t) = Uot with a constant Uq. The action is written as 



S = J dt ^\t)(^ih^ + B-a/2^^{t) 



(10) 



with a Pauli matrices. The field operator is expanded as ip{t,x) = 
'^i^^ci(t)wi(t) with the anti-commutation relation, {^(t), cjj^(t)} = 6im- 

The effective Hamiltonian for the above spin system is exactly diagonalized 
if one defines 



.-t^{t) cos I 
sm 2 



— cos I 



111 



(12) 



with -d = 9 — 9q, and the constant parameter Oq is defined by 

huo sin 9 

tan^o = -^—^ ^• 

fj + noof) cos 

The effective Hamiltonian is then written as T-Lesit) = '^iEicl{0)ci{0) with 
time-independent effective energy eigenvalues 



E± = wi{t'){H -ihdt')w±{t') 

-1 -I 

-/kJofl ± 



=F-ficos 6*0 
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^0 



(13) 



The exact solution of the Schrodinger equation is given by [11| 

Mt) = (o|^(t)ci(o)|o) 



w± (t) exp 
w± (t) exp 



I [ dt'wUt')(H -ihdt>)wJt') 



'0 



(14) 



where the exponent has been calculated in Eq. f[T3|) . 

The basis vectors satisfy w±(T) = w±{0) with the period T = I-k juj^. The 
solution is thus cyclic (namely, periodic up to a phase freedom) and, as an 
exact solution, it is applicable to the non-adiabatic case also. 



Adiabatic limit 



The adiabatic limit is defined by \hhjQlB\ ^ 1 for which the parameter 
6*0 —i- in Eq. (fT^ . and the exact Schrodinger amplitude (IT^ approaches 



'*/'±(^) ^ w±(t)exp 



-[u;o(l ± cos 9^t 



exp 



^ r 1 n 



(15) 



where the first phase factor is called geometric phase and the second phasi 
factor as dynamical phase. 
The conventional geometric phase or "Berry's phase" 

exp [i7r(l ± cos 9)] (16) 

is recovered after one cycle t = T = 27t/ujo of the motion. This Berry's phase 
is known to have a topological meaning as the phase generated by a magnetic 
monopole located at the origin of the parameter space B [s^]. 

Note that the dynamical phase in (fT5l) vanishes at B = 0, namely, the level 
crossing appears in the conventional adiabatic approximation. 

We note that, in the generic case (fT4l) with period T = one can in 

principle measure ip\_{0)ip^{T) by looking at the interference [l^ 

\MT) + MO)\' = 2|V^+(0)p + 2ReV^l(0)^+(T) 

= 2 + 2cos[{fiBcos9o)T -^n+], (17) 

where the geometric phase 

n+ = 2n[l - cos{9 - 9o)] (18) 
stands for the solid angle drawn by w\_it)aw^(t). 



B. Non-adiabatic limit 



The non-adiabatic limit is defined by \hu)o/B\ ^ 1, and thus 9q ^ 9 in 
Eq. (fT2!) so that the geometric phase vanishes in the exact amplitude ([1 



exp 



-U-]-nwo{l±cos{9-9o)) — 



(19) 



The formal gauge connection in ([3]) also vanishes. Namely, the adiabatic 
Berry's phase is smoothly connected to the trivial phase inside the exact so- 
lution and thus the topology of Berry's phase is trivial in a precise sense. In 
our unified formulation of adiabatic and non-adiabatic phases, we can analyze 
a transitional region from the adiabatic limit to the non-adiabatic region in a 
reliable way, which was not possible in the past formulation. 



IV. CONCLUSION 
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The present second quantized approach allows a unified treatment of all the 
geometric phases, either adiabatic or non-adiabatic, and thus one can analyze 
the transitional region from adiabatic to non-adiabatic phases in a reliable 
way. One then recognizes that the topology of the adiabatic Berry's phase is 
actually trivial, in contrast to the topology of Aharanov-Bohm effect which is 
exact for the fast as well as slow motion of the electron. 

The analyses of other aspects of geometric phases form a point of view of 



second quantization are found in the review [12| with further references. 
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